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ABSTRACT. We show that being low for difference tests is the same as being computable and
therefore lowness for difference tests is not the same as lowness for difference randomness. This
is the first known example of a randomness notion where lowness for the randomness notion and
lowness for the test notion do not coincide. Additionally, we show that for every incomputable
set A, there is a difference test T4 relative to A which cannot even be covered by finitely many
unrelativized difference tests.

Along with the study of random sequences comes the study of sequences that are far from
random. There are many different ways in which an infinite binary sequence can be said to be far
from random, such as triviality, lowness, lowness for tests, or being a base [4, 10]. In this paper we
will focus on the lowness notions.

The concept of lowness has been studied in many contexts. In general, a sequence is said to
be low if it is indistinguishable from a computable sequence in the given context. For instance, a
sequence A is low with respect to the Turing jump if A’ =7 0’; that is, if its jump has the same
Turing degree as that of a computable sequence. Lowness has also been studied in the contexts
of learning theory [11] and recursive model theory [7], but it is most prominent in algorithmic
randomness [5].

The first notion is that of lowness for R, and the second is that of lowness for tests.

Definition 1. A sequence A is low for a randomness notion R if R4 = R; that is, if it does not
make any random sequence appear to be nonrandom when it is used as an oracle.

Definition 2. Let R be a randomness notion. A sequence A is low for R-tests if for every R-test
relative to A <VZA> there is an unrelativized R-test (U;) such that ﬂiViA C n;U;.

It is clear that for any notion R, any sequence that is low for R-tests must also be low for R, but
the converse is not obviously true since more than one unrelativized test may be required to cover
a relativized test. Whenever a universal test exists, as for Martin-Lof randomness, these notions
are clearly equivalent. If this is not the case, some work must be done to determine whether this
equivalence holds. For instance, there is no universal Schnorr test. However, Kjos-Hanssen, Nies,
and Stephan showed that every sequence that is low for Schnorr randomness is low for Schnorr tests
by characterizing them as the recursively traceable sets [8], the class which Terwijn and Zambella
had shown were precisely the sets that were low for Schnorr randomness [13].

Bienvenu and Miller have recently characterized lowness in terms of open covers in a way that
suggests that lowness for tests and lowness will coincide for any randomness notion where the tests
are composed of X! sets [1]. In this paper, we consider difference randomness, in which the test

Date: June 26, 2012.

This work was done at the Dagstuhl seminar on Computability, Complexity, and Randomness in January 2012.
The authors thank the organizers of the seminar and the staff at Dagstuhl for providing such a pleasant and productive
working environment.

1



2 DIAMONDSTONE AND FRANKLIN

elements are differences of X sets, and show that lowness for difference tests does not coincide
with lowness for difference randomness. This is the first example of a randomness notion for which
these classes are known to be different and suggests that there is no intrinsic reason for these
classes to coincide. Omne could make the argument that difference randomness is not a natural
randomness notion and that this example is therefore pathological; however, the difference random
sets are precisely the Turing incomplete Martin-Lo6f random sets [6] and as such form a very natural
subclass of the Martin-Lof random sets [12].

1. INTRODUCTION
In Section 2, we prove our main theorem:
Theorem 3. If A is low for difference tests, then A is computable.

Then, in Section 3, we show that incomputable sets are very far from being low for difference
randomness.

Theorem 4. If A is incomputable, there is a difference test T relative to A which cannot be
captured by finitely many unrelativized difference tests.

Our notation is standard and will generally follow Nies [10]. We will not define difference ran-
domness as Franklin and Ng [6] originally did, but the following formulation is easily seen to be
equivalent and is more appropriate for our purposes.

Definition 5. A difference test is a pair ((U,),C) where (U,) is a uniformly Xy sequence and C is
a IIY class such that for all n, the measure condition

uwU, NC) < 27"

is satisfied.
We say that a difference test captures a real X if X € (), U, NC. A real X is called difference
random if it is not captured by any difference test.

Definition 6. A real X is low for difference randomness if every real which is difference random
is difference random relative to X. A real x is low for difference tests if for every difference test
((U¥),CY) relative to X, there is an unrelativized difference test ((V,), D) such that

(1) U neX c(\VanD.

If Equation 1 holds, we say that 7% = ((U\),CX) is covered by T' = ((V,), D). This can be
generalized to finitely many tests 77 ...7, in the obvious way.

All of the proofs in this paper are done in the space [0, 1], but all of the results hold identically
for 2¢ as there is a computable measure isomorphism X — 0.X from 2% to [0, 1].

2. LOWNESS FOR DIFFERENCE TESTS

To show that no incomputable set is low for difference randomness, we begin with hyperimmune
sets; that is, those sets that compute a function that cannot be dominated by any computable
function. We show how to use such a function f to build an f-difference test 7/ which is not
covered by any single unrelativized difference test 7’. The first part of our strategy is to ensure
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that 7/ captures ©, which ensures that 7/ is not covered by any difference test 77 which does not
capture ; we then need only concern ourselves with difference tests 7’ which capture €. Since 2 is
Martin-Lof random, a difference test 7’ which captures €2 cannot be a Martin-Lof test. Moreover,
this must hold locally in any interval around 2. Such a 7’ must be missing many open intervals
near 2, which will be revealed as they show up in the IIY class that makes 7’ a difference test
rather than a Martin-Lof test. When we see such an interval, we can ensure that some rational in
the interval is captured by 7. We use places where f escapes domination to ensure that we see
such an interval soon enough that we can use it to diagonalize, i.e., before we have put it into the
complement of the TI{[f] class that we are building as part of the test 77/.

Theorem 7. Let A have hyperimmune degree. Then A is not low for difference tests.

Proof. Let f <p A escape domination by every computable function g. We will use f to define
a difference test ((U2),C4). Let (Q5) be a monotone approximation of the halting probability .
We define the difference test by setting

U =10,Q+27"),

and constructing C4 in stages. Let (D) be an effective enumeration of all TIY classes, where D,|[s]
is the stage s approximation to D.. During the construction, we will enumerate a set of rationals
(; when a rational is enumerated into ), it will be enumerated for some D., and the requirement
Re will henceforth be marked as satisfied.

2.1. Construction. Stage 0: Let C*[0] = [0, 1], and let Qo = 0.
Stage s: For each e < s with R, unsatisfied, search for the least rational ¢ such that

(1) Q1< qg< Qf(s),

(2) q ¢ De[f(s)], and
(3) the denominator of ¢ is at most f(s).

For each e such that some ¢ is found, enumerate that ¢ into () and mark R, as satisfied. Then
remove the set [0,) \ Q (which is a finite union of open! intervals) from C4.

2.2. Verification.
Lemma 8. C4 = QUI[Q, 1]
Proof. We will show, by induction on s, that for all s,
Cs] 2 Qs U [, 1],

At stage 0, CA4[0] = [0, 1], so this is certainly true. Assume that

CAs —1] 2 Qs_1 U [Qs1,1].
If any rational numbers are enumerated into ) at stage s, they must be at least 51, so

CAls — 1] 2 Qs U [0, 1].

At stage s, no element of @Q, is removed from C4, nor is anything larger than €, removed, and
therefore
CAls] 2 Qs U [0, 1].

Hn the space [0, 1], intervals of the form [0, z) are indeed open.
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By induction, this holds for all s. Taking the lim inf on both sides, we have
¢4 = liminf C4[s] D lim inf Q, U [, 1].
S S

Thus
cA o QuUI,1].
On the other hand, if x < Q and x ¢ @, then there is some s such that x < Q4. Then x is
removed from C# by the end of stage s. Thus

ct=Quin,1]
as claimed. 0

From this, we can easily see that the measure condition is satisfied; i.e., (<LI;L4>, CA) is a difference
test, and that

ulnct =100,9n(QUIQ1]) =QuU{Q}

Lemma 9. There is no difference test such that its intersection contains

(ulnct =Qu{a}.

Proof. Consider a difference test ((V,,), D). There are two cases: when this difference test captures
), and when it does not. It the test fails to capture €2, then certainly the intersection cannot
contain QU {Q}. Suppose the difference test does capture Q2. Then for every s, the interval (£, Q)
cannot be a subset of D, or else <(Qs, Q+2Hn Vn+1> would satisfy the Martin-Lof measure
condition and would therefore be a Martin-Lof test capturing €.

Let e be an index of D. If R, is ever marked as satisfied, there is some g ¢ D, which is enumerated
into Q. By the above lemma, g € (N, UANCA but ¢ ¢ N, VaND, so ¢ witnesses that the difference
test ((Uz'),C4) is not covered by the difference test ((V,),D). So it suffices to show that R, is
eventually marked satisfied.

In any interval of the form (Qs_1,2), there must be some rational subinterval removed from
D = D.. We will define a computable function g : w — w. To define g(s), search for some natural
number n and rational number ¢ with denominator at most n such that 25,1 < ¢ < €2, and some
interval containing ¢ is removed from D, by stage n; let g(s) be the least such n. The above
argument shows that such an n will always be found, and so g is a total computable function.
Since f escapes domination by g, there is a stage s > e with f(s) > ¢g(s). During stage s of the
construction, the search for a rational number ¢ meeting conditions (1)—(3) will succeed, so R, will
be marked as satisfied during stage s if it is not already so marked. ([l

Therefore A is not low for difference tests. O
Corollary 10. If A is low for difference tests, then A is computable.

Proof. If A is AY and incomputable then A is hyperimmune, whence A is not low for difference
tests.

Downey, Nies, Weber, and Yu [3] showed that the K-trivial sets are the sets that are low for
weak 2-randomness versus Martin-Lof randomness, and since difference randomness is intermediate
between these notions [6], we know that every set that is low for difference randomness is K-trivial.
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If A is not A, then A is not K-trivial and hence not low for difference randomness. A fortiori,
A is not low for difference tests. O

In fact, the sets which are low for difference randomness are precisely the K-trivials. Franklin
and Ng [6] observed that for c.e. sets A, lowness for difference randomness is equivalent to another
property, being weakly ML-noncuppable, meaning that there is no Martin-Lof random set B Zp ¢
such that (Y <p A @ B. Weak ML-noncuppability was recently shown by Day and Miller [2] to be
the same as K-triviality. Since every K-trivial set is below a c.e. K-trivial [9], every K-trivial set
is low for difference randomness.

This equivalence gives us the following additional corollary.

Corollary 11. Lowness for difference tests and lowness for difference randomness do not coincide.

Remark 12. It is worth pointing out that in order to satisfy requirement R.—diagonalizing against
the eth difference test—the construction completely ignores the sequence of 3 classes which forms
the first half of the test and focuses entirely on the II{ class D, which forms the second half of the
test. As such, it does not matter whether we diagonalize against an enumeration of all difference
tests or merely an enumeration of all TI{ classes.

The verification, however, does depend on the entire difference test, because whether we succeed
at diagonalizing against a difference test using some element of () or using {2 depends on whether
the difference test captures 2.

3. HOwW FAR FROM LOW?

Theorem 3 tells us that no incomputable set is low for difference tests, but does so in a very weak
way. Examining the test 74 built by the proof, one sees that apart from €, every real captured
by T4 is rational. Hence each real captured by 74 is either captured by a single difference test
capturing €2 or by a universal Martin-Lof test. One is therefore led to ask whether this is an essential
feature of the proof. We know that incomputable K-trivials are low for difference randomness but
not difference tests, but might they be somehow very close to being low for difference tests? In this
section we show this is not the case, and that in fact every incomputable set is as far as possible
from being low for difference tests in the following way.

Theorem 13. If A is incomputable, there is a difference test T4 relative to A which cannot be
covered by finitely many unrelativized difference tests.

To prove this theorem, we can again focus on sets of hyperimmune degree, since incomputable
sets not of hyperimmune degree cannot even be low for difference randomness. We use a variation
on our strategy from Section 2. Again we build a test 7/ and ensure that it captures 2, but now
we have to diagonalize against finite unions of difference tests of the form 77 ... 7T,,. Again, in order
to capture 77 at least one of these tests, say 7;, must contain €. We can use the same strategy
from before to find some interval I in the complement of 7;. We then repeat the same strategy
inside I, but now only have to worry about m — 1 of the tests from the union. Continuing like this
for up to m steps if necessary, we diagonalize against the entire ensemble 77 ... 7. To prevent
strategies for separate requirements from interfering with each other, we will work with infinitely
many disjoint open subintervals of [0, 1],

{Ig : E C w is finite}.

(We could have done this in the previous construction as well, but it was unnecessary there.)
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Theorem 14. Let A have hyperimmune degree. Then there is a difference test relative to A which
cannot be covered by any finite collection of unrelativized difference tests.

Proof. As before, we will build an A-difference test 74 = (<Z/{;:‘>,CA), defined using f <7 A which
escapes every computable function. Let (7¢) be an enumeration of all unrelativized difference tests
where Te = ((V,¢), D.). We need to satisfy the requirements

Rp: T%isnot covered by {Tc : e € E}

where E ranges over all finite subsets of the natural numbers. We will work for requirement R on
the interval Ig, so in our construction we may fix a specific requirement and define <U;L4> and C4
restricted to that interval for that requirement, ignoring all other requirements. To ensure that we
can put all the separate pieces together and get a valid difference test, we need only ensure that

p(UANCANIp) <ep2™™,

where € is a computable real-valued function of E (a finite set of natural numbers) with )y ep = 1.

Once again, we fix a monotone approximation (€2s) of Q. For an interval I with rational endpoints
a,b, let Q7 = a+ (b — a)Q); we see immediately that Q; has the following properties:

1) Qr is in the interior of I,

2) Qq[s] :=a+ (b— a)Q)s is a monotone approximation to 27, with range contained in I,

3) Qr is Martin-Lof random, and
4) 7 is not difference random.

We define a procedure M (I, E, €) that works for a requirement R g inside the interval I and adds
measure at most €27" to the nth level of the test we build. We need to succeed at requirement
R inside the interval Ig; the reason we define things in terms of procedures M (I, E,¢€) is that if
E = E'" U {e} and we succeed at requirement Rp inside an interval I in the complement of D,
then we also succeed at requirement Rg. Therefore, our strategy for Rg involves finding such a
pair e, E' and interval I and recursing to perform the strategy for R inside that interval.

The definition of the procedure M(I, E,€) depends on the stage sy when it is called and on
whether the set E is empty. If F is nonempty, it looks for a place to recurse and call a subprocedure
for E\ {e}, but if F is the empty set, it merely has to ensure 74 captures some element of the
interval I.

(
(
(
(

3.1. Procedure M(I, E,¢), for E nonempty: Stage so: We assume that U3 [so] NI = () for all
n, and C4[sg] NI = I. Procedure M(I, E, €) has two states, “searching” and “found”, and begins
in the “searching” state.

Stage s > so:

e Step 1: If this procedure is in the “found” state, go to step 2 below. If this procedure
is in the “searching” state, search for the least pair (a,b) of rationals according to the
lexicographic order on Q? such that

(1) Qs —1] <a<b<Qr[f(s)],
(2) there is some e € E such that the open interval (a,b) is a subset of the complement of
D.[f(s)), and
(3) the denominators of a and b are at most f(s).
If such a pair is found, switch to the “found” state and begin the procedure M((a,b), E'\

{e},€/2).
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e Step 2: If this procedure is in the “searching” state, let [ =1 ; if this proce(}ure is in the
“found” state and (a,b) is the interval it found, let I = I'\ [a,b]. Enumerate I N[0, Q;[s] +
€27"71) into U7 for each n and enumerate I N [0, Q;[s]) into the complement of CA.

3.2. Procedure M(I,E,¢), for E empty. Stage so: We assume that U [so] N I = () for all n,
and C4[sg) NI = I. Let g be the midpoint of the interval I.

Stage so 4 1: Enumerate I into U,,, and enumerate I \ {q} into the complement of C4.

No action will be taken by this procedure at stages after sg + 1.

3.3. Construction. Let E denote the finite set of natural numbers with canonical index s.
At stage s, call the procedure M(Ig,, Es, €g,), and take one step in each procedure already
called.

3.4. Verification. When one procedure M(I, E, €) calls another procedure M (I, E’,€'), call the
latter procedure a subprocedure of the former. We inductively define M(I’, E’,€') to be a child of
M(I,E ¢) (and the latter a parent of the former) if M(I', E',€’) is a subprocedure of M(I, E¢)
or a child of a subprocedure of M(I, E,¢€). Looking at the procedure and construction definitions,
one can verify the following properties:

e Each procedure has at most one subprocedure.

e No action taken by M(I, E, ) can affect any part of ' or C* outside of I.

o If M(I,E ¢) calls M(I', E',€') at a stage s, then I’ is a proper subinterval of I, and the
procedure M(I, E, ¢) has not affected any part of 2" or C* inside I’ before the end of stage
s and will never subsequently do so.

The only procedures called by the construction are the procedures M(Ig, E, eg) and their
children.
By the last two properties, if two procedures M(I, E,¢) and M(I', E’,¢') are called during the
construction, then either I and I’ are disjoint or one is a proper subinterval of the other and the
corresponding procedure is a child of the other procedure. For each procedure M(I, E,¢) called
during the construction, define I to be I\ I’ where M(I’, E’,¢') is the unique subprocedure of
M(I,E,€) (or I =1 if M(I,E,e€) has no subprocedure). Since at most one procedure is called
with interval I as the first argument and each procedure calls at most one subprocedure, this is
well-defined. Finally, the four properties together imply that the action of procedure M(I, E,¢) is
the only thing that can affect any part of U or C4 inside I during the construction.

If E is nonempty, then the procedure M(I, E, €) enumerates all of the interval IN[0, Q;+e27"1)
into U2, except for the interval I’ if a subprocedure M(I’, E’,€') is called. Therefore,

INUr=1In[0,97 41,

If E is nonempty, then M(I, E, €) also enumerates all of the interval N[0, ;) into the complement
of C4, excluding the interval I’ if a subprocedure M(I',E’,¢') is called. Hence if a procedure
M(I,E,¢) is called during the construction with E nonempty, then IncA=1In [0,Q). If E is
empty, then I =1, I C UA for all n, and I NCA = {q}, where ¢ is the midpoint of I.

Lemma 15. If the procedure M(I, E,€) is called during the construction, then
p(INUANCh) < e
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Proof. We _prove the lemma by induction on the size of E. If E is empty, then by the above we
have I = ] and I N LlA N CA is the singleton {q}, where ¢ is the midpoint of I, and hence I has
measure 0. If F is nonempty and no subprocedure is called by M(I, E,€), we again have I = I,
and

INUANCA =1n[Qr,Qr 4+ €271,
so the measure is at most 27"~ '. If E is nonempty and M(I, E,¢) calls a subprocedure
M(I',E',€), then |E'| = |E| — 1 and € = €/2, so by the inductive hypothesis,

w(I' NUtnct) < e L
Also, R
InurAnct =InQ,Q +e2 Y,
which has measure at most €271, Hence
Inutnct = (fmug‘ mCA> u(I'nutne?)
has measure at most e27". O

Thus
p(IgnuUrncty<o™m

wUAneA) = (UIEmuA CA> <Z2

o ((U),C™) is a difference test relative to A.

and

Lemma 16. The A-difference test T4 = (<L[;?>,CA) is not covered by any finite ensemble of
unrelativized difference tests.

Proof. We say that Rg is satisfied inside I if there is some real X € I which is captured by the
test 74 but is not captured by any of the tests T for e € E. (In case E is empty, this just says
that 74 captures some real in the interval I.) We will show that for every set E, the requirement
RE is satisfied inside Ig. Notice that if e € E and E' = E \ {e}, then if Rp is satisfied on some
interval I’ C I in the complement of D,, there is some real X € I’ not captured by any of the tests
T for ¢ € E'. Since X ¢ D,, it is also not captured by 7, and hence Rp is satisfied inside I.

We will prove by induction on | E| that if a procedure M(I, E, €) is called during the construction,
then R g is satisfied inside I.

Suppose E is empty. We showed above that in this case, 74 captures the midpoint of I. Hence
R E is satisfied inside I.

Now suppose FE is nonempty. We showed above that 0y € I and €j is captured by the A-
difference test T4, so if € is not also captured by one of the difference tests 7. where e € E, then
RE is satisfied inside I. Suppose €7 is captured by at least one of these tests. If the procedure
M(I,E,¢€) eventually goes from the “searching” state to the “found” state after finding some
subinterval I” = (a,b) in the complement of some D, (with e € E) and calling the subprocedure
M(I',E' €/2), (where E' = E \ {e}), then |E’'| = |E| — 1, so by the inductive hypothesis we may
assume that Rp is satisfied inside I’. But as shown above, this implies that R is satisfied inside
1. So it suffices to show that if 27 is captured by at least one of the tests 7. where e € F, then the
procedure M(I, E | €) eventually goes from the “searching” state to the “found” state.
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Let sg be the stage at which the procedure M(I, E,¢€) is called. Fix e € E such that 7, captures

Q7. As before, in any interval of the form (Q;[s — 1],€;), there must be some rational subinterval
removed from D.. We will define a computable function g : w — w. To define g(s), search for
some natural number n and pair of rational numbers a,b with denominator at most n, such that
Qr[s —1] < a < b < Qr[n] and the interval (a, b) is in the complement of D.[n]; let g(s) be the least
such n. Such an n will always be found, and so g is a total computable function. Since f escapes
domination by g, there is a stage s > so with f(s) > g(s). During stage s of the construction,
the search for a rational interval (a,b) meeting conditions (1)—(3) must succeed, so the procedure

M(I, E,¢) will move to the “found” state at stage s, provided it is still searching. O

This completes the proof. O
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